ABSTRACT In order to facilitate the performance prediction of solar array drive system (SADS) using the scaled-down model approach, a non-proportionally scaled-down model of an SADS is proposed in this paper. A mathematical model of the SADS is first established for the analysis of its physical characteristics. On this basis, a non-proportionally scaled-down model of the SADS is then proposed using similarity theory, and the similarity ratios between a full-size prototype and the scaled-down model are deduced. Furthermore, the adjustment criterion for the control parameters of the scaled-down model is analyzed. Simulation and experimental results show that the obtained non-proportionally scaled-down model can qualitatively predict the system performance of the full-size prototype, with relative errors of the angular position and torque in less than 9.2%. The novelty of this research is a systematic non-proportionally scaled-down model approach to predict SADS performance by creatively taking the control strategy of SADS into account, which was not available earlier.
INDEX TERMS Solar array drive system, scaled-down model, similarity theory, modal parameter, frequency response, operating condition parameter. The solar array drive system (SADS) is an important component of any orbiting space station. In particular, the angular position control of the SADS directly affects the performance of the main payloads on the space station. Previously, extensive research has been conducted on control strategies to improve SADS control performance [1] , [2] . There is little literature that concerns on the performance verification of the SADS prototype, which is considered to be important for the development of a novel SADS. Due to its large volume and high cost, the construction of the full-size SADS prototype is challenge [3] [4] [5] . Furthermore, it is difficult for the environmental test of the full-size SADS prototype. These add the development difficulty of a novel SADS.
Because of its implementation simplicity and cost-saving features, the scaled-down model approach is an effective alternative method for the performance verification in the development of various systems. Considerable effort have been conducted on the research of the scaled-down model method. For example, Simitses [5] [6] [7] proposes a scaleddown model method that can be applied directly to the governing equation of a system in order to derive the scaling laws. The derived scaling laws are then used to predict the performance of the prototype based on its associated scale model. In a subsequent study, a scale model for predicting the free vibration and operating conditions of a large vibrating screen is reported in [4] . In addition, an experimental study on the wheel-soil interaction system of a planetary rover has been reported in [8] , by predicting the performance characteristics of the full-size prototype with its scale model based on similarity theory.
For the SADS research area, considerable efforts have also been presented to show the feasibility of the scaleddown model approach. For example, similarity laws for the cantilever beam and composite I-beam have been developed using this approach [9] [10] [11] . Furthermore, similarity theory has been used to develop scaling laws to predict the dynamic responses of a two-dimensional plate [12] [13] [14] . The simulations and experiments are also conducted to validate the developed techniques.
However, all previous research works have focused on the SADS mechanical system without considering the control law. This is a significant limitation, as the control law (including the control parameter and control structure) has a significant influence on the dynamic similarity between the full-size prototype and scaled-down model. In addition, for solar arrays and other thin-plate structures, the length and width are several orders of magnitude greater than the thickness. Thus, the proportionally scaled-down model has a very small thickness, which results in the processing difficulties [15] . Therefore, the partially similar scale models can be considered as an alternative. Although the ply-level scaling [16] [17] [18] within the scope of complete similarity has been successfully implemented to solve for this problem, a systematic methodology for the design of partially similar models is still lacking [11] .
In this paper, we propose a non-proportionally scaleddown model approach to predict SADS performance while considering the control strategy. First, a mathematical model of the full-size SADS is developed and the modal parameter expressions for the solar array are extracted from the flexible body dynamics equation. Second, the similarity ratios of the operating condition parameters and the natural frequencies are determined for the non-proportionally scaleddown model, in accordance with similarity theory. Third, we propose the adjustment criterion for the control parameters of the scaled-down model. Finally, simulations and experimental studies are presented to illustrate the efficacy of the proposed method.
II. NON-PROPORTIONALLY SCALED-DOWN METHOD

A. MATHEMATICAL MODELING OF SADS
An SADS is composed of a servo motor, spur gear reducer, and solar array, as shown in Fig. 1 . The servo motor, as the torque source, drives the solar array rotation [18] , [19] . Using the assumed mode method, the transverse elastic deflection of the flexible solar arrays, w (x, t), can be represented as
where
The space-dependent functions
are the assumed mode shapes, and the time-dependent functions q i (t) (i = 1, 2 . . . n) are the generalized coordinates for flexible deflection. For the mathematical modeling of SADS, the model nonlinearity and the friction torque are neglected. Furthermore, we assume that the gear transmission system is linear, by ignoring the backlash nonlinearity. By using the extended Hamilton's principle, the motion equations of the prototype SADS can be expressed as follows [21] [22] [23] :
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where θ is the angular position, ω is the angular velocity, J is the moment of inertia, F i is the coupling coefficient of the ith vibration mode, T is the driving torque on the drive shaft, ξ i is the damping ratio of the ith vibration mode, ω i is the angular frequency of the ith vibration mode, E is the elastic modulus, and I is the cross-section flexural stiffness. In addition, ρ, b, l, and h represent the density, width, length, and thickness of the solar array respectively. Here,
coupling torque between the wheel hub and solar array.
B. DERIVATION OF SIMILARITY RATIOS
In this subsection, the non-proportionally scaled-down model of the SADS is proposed by using similarity theory. Furthermore, the similarity ratios between the prototype and scale model are deduced (see Appendix A for a discussion of the applicable similarity criteria). Define the scale model as
with
where the subscript ''s'' represents the scale model. In addi-
and C ξ are defined as the similarity ratios of the density, length, thickness, width, angular position, angular velocity, time, torque, modal shape, and damping ratio between the full-size prototype and scale model, respectively. Through similarity theory and equation (3), we can rewrite the full-size prototype equation (2) as
Then, by (3) and (5), we have
According to (6) , the similarity ratios between the prototype and scale model can be expressed as
Finally, based on (7), the similarity ratio of the natural frequency can also be derived as
Note that C h , C l , C E , C ρ , C b , C ξ are the main parameters used for the derivation of similarity ratios.
C. ADJUSTMENT CRITERION FOR CONTROL PARAMETERS OF SCALE MODEL
In order to guarantee the similarity under the influence of the control law, an adjustment criterion for the control parameters of the scale model is proposed in this subsection. As shown in Fig. 2 , the driving torque is computed using the control law, which is incorporated with the state feedback to regulate the SADS rotational motion. Therefore, the relationship between the driving torque and state can be described as
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where fun() is the driving-torque control function. Then, considering the similarity ratio of the driving torque, we can obtain the adjustment criterion for the control parameters of the scale model:
where the subscript ''p'' represents the prototype. It is important to note that, in (10), the structures of the control strategies for the scale model and the full-size prototype are identical. These control strategies differ in the parameters of their control functions. For dynamic similarity, the parameters in the control function of the scale model should be well adjusted to satisfy the criterion given in (10).
III. SIMILARITY SIMULATION
To validate the non-proportionally scaled-down model approach, three similar models of the solar array were investigated, i.e., the prototype and two scale models. The first model, denoted P0, was of the full-size solar array, which is shown in Fig. 3(a) . P0 had 29-m length with a crosssection of 1.015 m×0.03 m [24] . The P0 density was ρ P0 = 146.7 kg/m 3 and the modulus of elasticity was E P0 = 358 GPa. The second solar array was denoted S1 and is shown in Fig. 3(b) . S1 was 0.75 m in length with a cross-section of 0.035 m×0.0015 m. The plate material was aluminum, with density ρ S1 = 2700 kg/m 3 and modulus of elasticity E S1 = 69 GPa. The third solar array, S2, is shown in Fig. 3(c) and had identical material constants (ρ S2 = ρ S1 , E S2 = E S1 ) to those of S1. S2 was 0.5 m in length with a cross-section of 0.0175 m×0.0015 m. The detailed structural parameters of the solar array models are shown in Fig. 3 .
A. SIMILARITY SIMULATION OF NATURAL FREQUENCIES OF SOLAR ARRAY
According to the material constants and structural dimensions of P0 and S1, the similarity ratios of the density, modulus of elasticity, length, width, and thickness between P0 and S1 can be respectively obtained as Substituting the above similarity ratios into (8), we obtained the theoretical similarity ratio of the natural frequency between P0 and S1 as
Similarly, the similarity ratio of the natural frequency between P0 and S2 could be obtained as
The first four-order natural frequencies of P0, S1, and S2 are listed in Table 1 ; these values were calculated via finite element analysis (FEA) implemented in ANSYS (version: 13.0.0). As apparent from this table, the average value of C 01 f is 0.1307 (as calculated via FEA), while the theoretical similarity ratio is 0.1308 (from (11)). Additionally, the average value of C 02 f is 0.0581 (Table 1) , while the theoretical similarity ratio is 0.0581 (from (12)). Thus, it is apparent that the similarity ratios yielded by the FEA agree with the theoretical values, which validates the similarity ratios for the natural frequency. 
B. SIMILARITY SIMULATION OF SADS OPERATING CONDITION PARAMETERS
To validate the use of the dynamic similarity between the full-size prototype and its scale model with consideration of the influence of the control law, two different control strategies were investigated: the proportion-differential (PD) and adaptive sliding-mode (ASM) control.
First, PD control was considered. The PD control function can be expressed as
where θ r , ω r , P, and D represent the angular position command, the angular velocity command, the proportionality coefficient, and the differential coefficient, respectively. To obtain the adjustment criterion for the control parameters of the scale model, the PD control function was substituted into (10) . Then, we obtained
To guarantee that both sides of the above formula balance at any time, the following adjustment laws should be satisfied:
The reference values, control parameters, and simulation times for P0 and S1 for the PD control case are listed in Table 2 . The theoretical time history results (solid curve -) and the predicted results (starred curve -$-) for the PD control case are shown in Fig. 4 . Note that the predicted dynamic responses obtained from S1 (the scale model) using the scaling laws are consistent with the theoretical results obtained for P0 (the full-size prototype). Therefore, if the dynamic characteristics of the scale model with the PD control law can be obtained, the dynamic behavior of the full-size prototype can be predicted using the scaling laws derived in the previous section. 4 . Theoretical time histories for operating condition parameters and predicted results based on PD control: (a) P0 angular position, θ P0 t , and predicted result, C 01 θ × θ S1 t ; (b) P0 angular velocity, ω P0 t , and predicted result, C 01 ω × ω S1 t ; (c) P0 coupling torque, T CP0 t , and predicted result, C 01 T × T CS1 t ; (d) P0 driving torque, T P0 t , and predicted result, C 01 T × T S1 t .
The second control law considered here was ASM control, the control function of which can be expressed as [25] (16) where the positive constant k represents the slope of the sliding plane. Here,d is the adaptive law, which is VOLUME 6, 2018 defined as
where κ and µ are positive constants. As in the previous case, the ASM control function was substituted into (10) and the following adjustment laws were obtained (refer to Appendix B):
The reference values, control parameters, and simulation times for P0 and S1 in the ASM control case are listed in Table 3 . The theoretical time history (solid curve -) and predicted results (starred curve -$-) are shown in Fig. 5 and are in good agreement. 
IV. DYNAMIC SIMILARITY EXPERIMENT
The dynamic similarity experiment is conducted to investigate the effectiveness of predicting the dynamic characteristics of the prototype SADS using a non-proportionally scaled-down model. For convenience in the laboratory experiment, S1 and S2 are taken as the prototype and a nonproportionally scaled-down model of S1 with the dimensions shown in Fig. 3 , respectively. The experimental setup is established as shown in Fig. 6 . Note that the beam root is mounted on the hub and a permanent-magnet synchronous motor (PMSM) through a spur gear reducer generated the hub rotation. The friction torque and the backlash in the system is very small. The key technical data of the PMSM and reducer used in the experiment are given in Table 4 . θ × θ S1 t ; (b) P0 angular velocity, ω P0 t , and predicted result, C 01 ω × ω S1 t ; (c) P0 coupling torque, T CP0 t , and predicted result, C 01 T × T CS1 t ; (d) P0 driving torque, T P0 t , and predicted result, C 01 T × T S1 t .
Based on the material constants and structural dimensions of S1 and S2, the similarity ratios of the density, modulus of elasticity, length, width, and thickness between S1 and S2 can be respectively obtained as
50328 VOLUME 6, 2018 Substituting the similarity ratios of the material constants and dimensions into (7), we can obtain the similarity ratios of the driving torque, angular position, and angular velocity between S1 and S2, respectively, as
When PD control is introduced to the system, the command values, control parameters, and experimental times for S1 and S2 are calculated; these values are listed in Table 5 . Both the actual time histories and predicted results are shown in Fig. 7 . Fig. 7(a) shows the actual time histories (-) and the predicted results (-$-) for the angular position on the motor shaft of S1, θ S1 (t), when the PD control is introduced. It should be noted that the settling time of the solid curve shown in Fig. 7(a) is 0.459 s; this is very close to the predicted result of 0.4585 s. In addition, the maximum error for θ S1 as determined by considering the actual time history and the predicted result is 0.03 rad at time t = 0.15 s, which occurs when θ S1 = 0.325rad; this corresponds to a maximum relative error of 9.2%. Note that in practical engineering, there inevitably exist air drag   TABLE 5 . Reference values, control parameters, and times for S1 and S2 under PD control in experiment.
FIGURE 7.
Actual time histories for operating condition parameters and predicted results based on PD control: (a) S1 angular position, θ S1 t , and predicted result, C 12 θ × θ S2 t ; (b) S1 angular velocity, ω S1 t , and predicted result, C 12 ω × ω S2 t ; (c) S1 motor current, i S1 t , and predicted result, C 12
torque for the beam and backlash nonlinearity of reducer, which result in the discrepancy between the predictions and experiments. VOLUME 6, 2018 Fig. 7(b) shows the actual time history (-) and predicted results (-$-) for the S1 angular velocity ω S1 (t). Because of the existence of backlash in the reducer, the ω S1 curve demonstrates obvious cusp turns during the working process. This unmodeled factor reduces the similarity throughout the entire dynamic process. The maximum error during the transition process shown in Fig. 7(b) is 1 .39 rad/s at t = 0.288 s, which occurs when ω S1 = 2.2rad/s; this result corresponds to a maximum relative error of 63%. As shown in Fig. 7(b) , the maximum ω S1 of the actual time history is 5.02 rad/s, while the predicted result is 5.05 rad, corresponding to a relative error of 0.6%. Although there is considerable error throughout the entire dynamic process, the maximum ω S1 values given by the actual time history and the predicted result are in good agreement. Fig. 7(c) shows the actual time history (-) and predicted result (-$-) for the S1 q-axis motor current i S1 (t). Because i S1 is equivalent to the driving torque divided by the torque constant, the similarity ratio of i S1 is equal to the similarity ratio of the torque, C T . As shown in Fig. 7(c) , the maximum i S1 of the actual time history is 6.45 A, while the predicted result is 6.8 A; this corresponds to a relative error of 5.4%.
The ASM control case is also examined, and the command values, control parameters, and experimental times for S1 and S2 when this control is introduced to the system are listed in Table 6 . The prototype time histories and predicted results are shown in Fig. 8 . As shown in Fig. 8(a) , the maximum relative error between the actual time history (-) and the predicted result (-$-) for θ S1 (t) under ASM control is 5.66% at t = 0.133 s, when θ S1 = 0.226rad. Further, as apparent from Fig. 8(b) , the maximum ω S1 (t) of the actual time history is 3.6 rad/s while the predicted result is 3.595 rad/s, which corresponds to a relative error of 1.4%. Finally, Fig. 8(c) shows that the maximum i S1 (t) of the actual time history is 1.725 A while the predicted result is 1.66 A; this corresponds to a relative error of 3.8%. FIGURE 8. Actual time histories for operating condition parameters and predicted results based on ASM control: (a) S1 angular position, θ S1 t , and predicted result, C 12 θ × θ S2 t ; (b) S1 angular velocity, ω S1 t , and predicted result, C 12 ω × ω S2 t ; (c) S1 motor current, i S1 t , and predicted result, C 12
Based on the above results and discussion, we can conclude that the dynamic behavior of a full-size prototype SADS under a given control law can be qualitatively predicted using a non-proportionally scaled-down model together with the associated scaling laws.
V. CONCLUSION
In this study, a novel non-proportionally scaled-down model approach to predicting SADS performance was proposed. Based on similarity theory, a non-proportionally scaled-down model of the SADS was developed, in which the scaleddown proportions of the length, thickness, and width differed from each other. The similarity ratios of the system parameters (natural frequencies and operating condition parameters) between the full-size prototype and the scale model were deduced. In addition, an adjustment criterion for the control parameters of the scale model was proposed, which was not featured in previous methods. Both simulation and experi-50330 VOLUME 6, 2018
mental results showed that the system parameters of the fullsize prototype and the scale model satisfied the applicable similarity criteria, within the permissible errors (no more than 9.2%).
It is believed to be the first time to propose a nonproportionally scaled-down model approach to predict SADS performance, in which the control strategy of SADS is also taken into account. However, in practical engineering, there inevitably exist the model nonlinearity, the friction torque, and the backlash nonlinearity of the reducer, which will degrade the performance prediction accuracy of SADS. Therefore, further exploration on the non-proportionally scaled-down model of SADS considering various nonlinearities is also interesting and worth pursuing.
APPENDIX A
According to similarity theory, the full-size prototype SADS and its scale model must generally satisfy the following similarity criteria: geometric similarity, kinematic and dynamic similarity, mass and gravitational similarity, and initial-and boundary-condition similarity. In the modal analysis of a solar array, the deformation is determined by the flexural stiffness of the cross sections [26] . As a result, the crosssection shape does not require geometric similarity, which means that the scaled-down proportions of the length, thickness, and width can differ from each other. When the inherent characteristics of the solar array only are being examined, the inertial torque and the elastic restoring force must obey the similitude rules. The gravity has little effect on the natural vibration characteristics [27] [28] [29] . Thus, to simplify the analysis, the similar requirements for geometric similarity and gravitational similarity can be ignored.
APPENDIX B
To obtain the adjustment laws of the control parameters for the scale model under ASM control, the control functions, (16) and (17) , are substituted into (10) . Hence, we obtain
To guarantee that both sides of (B1) balance at any point in time, the following adjustment laws should be satisfied:
Substituting the similarity ratios into (B2), we obtain
From (B2) and (B3), we find (B4), as shown at the bottom of this page. To guarantee that both sides of (B4) balance at any point in time, the following adjustment laws should be satisfied:
Therefore, the following adjustment laws can be obtained from (B2) and (B5):
